In this paper, we study the properties of the twist-3 distribution amplitude (DA) of the heavy pseudo-scalars such as ηc, Bc and η b . New sum rules for the twist-3 DA moments ξ n P HP and ξ n σ HP up to sixth orders and up to dimension-six condensates are deduced under the framework of the background field theory. Based on the sum rules for the twist-3 DA moments, we construct a new model for the two twist-3 DAs of the heavy pseudo-scalar with the help of the Brodsky-Huang-Lepage prescription. Furthermore, we apply them to the Bc → ηc transition form factor (f Bc →ηc + (q 2 )) within the light-cone sum rules approach, and the results are comparable with other approaches. It has been found that the twist-3 DAs φ For example, at the maximum recoil region, we have f Bc →ηc + (0) = 0.674 ± 0.066, in which those two twist-3 terms provide ∼ 33% and ∼ 22% contributions. Also we calculate the branching ratio of the semi-leptonic decay Bc → ηclν as Br(Bc → ηclν) = 9.31 +2.27 −2.01 × 10 −3 .
up to sixth orders and up to dimension-six condensates are deduced under the framework of the background field theory. Based on the sum rules for the twist-3 DA moments, we construct a new model for the two twist-3 DAs of the heavy pseudo-scalar with the help of the Brodsky-Huang-Lepage prescription. Furthermore, we apply them to the Bc → ηc transition form factor (f Bc →ηc + (q 2 )) within the light-cone sum rules approach, and the results are comparable with other approaches. It has been found that the twist-3 DAs φ For example, at the maximum recoil region, we have f
Bc →ηc + (0) = 0.674 ± 0.066, in which those two twist-3 terms provide ∼ 33% and ∼ 22% contributions. Also we calculate the branching ratio of the semi-leptonic decay Bc → ηclν as Br(Bc → ηclν) = 9.31 +2.27 −2.01 × 10 −3 .
PACS numbers: 11.55.Hx, 14.40.-n
I. INTRODUCTION
The heavy pseudo-scalar (HP), such as B c , η c or η b , is a ground-state meson constituted by a heavy quark and an anti-quark. For exclusive process involving the HP, its distribution amplitude (DA) is usually key component for predicting the decay widths or the production crosssections of those processes. Thus a more precise HP DA shall lead to a more precise predictions.
Due to non-relativistic nature of the heavy constituent quark/antiquark, the leading-twist DA (or the twist-2 DA) of the HP can be roughly treated as a δ-function [1] , i.e. in the leading order of the expansion over the relative velocities, the quark and the antiquark in the HP DA simply share the momentum of the meson according to their masses. For examples, the asymptotic DA of the charmonium and the bottomonium are φ asy 2;HP (x) ∼ δ(x − 1/2). By taking the relativistic effect, the heavy-quark mass effect and/or the three-particle effect into account, such a simple asymptotic DA shall be broadened to a certain degree, cf. Refs. [1] [2] [3] . Several models for a broader and more realistic HP twist-2 DA have been suggested in the literature, such as the Bondar-Chernyak (BC) model [4] , the Bodwin-Kang-Lee (BKL) model [5] , the Ma-Si (MS) model [6] , the Braguta-Likhoded-Luchinsky (BLL) model [7] , the model with the Brodsky-HuangLepage (BHL) prescription [8, 9] , and etc. A comparison * Electronic address: zhongtao@htu.edu.cn † Electronic address: wuxg@cqu.edu.cn ‡ Electronic address: huangtao@ihep.ac.cn § Electronic address: fuhb@cqu.edu.cn of various η c twist-2 DA has been done in Ref. [10] , in which it has also pointed out that by using a proper η c twist-2 DA, one may resolve the disagreement between the experimental observations and the NRQCD prediction on the production cross-section of e + e − → J/Ψ+η c . The background field theory (BFT) [11] [12] [13] provides a systematic approach for achieving the goal of SVZ sum rules [14] and also provides a physical picture for the vacuum condensates. In Ref. [15] , by using the SVZ sum rules within the framework of BFT, we have made a detailed study on the properties of the HP twist-2 DA and have constructed a new model for the twist-2 DA. According to our knowledge on the pionic cases, in addition to the twist-2 DA, the high-twist DA may also provide sizable contributions to the HP-involved processes, even though they are generally power suppressed. Taking the B → π transition form factor (TFF) as an example, a large contribution from the pion twist-3 DAs φ P 3;π and φ σ 3;π in comparison to its twist-2 DA has been observed in both the intermediate and the large Q 2 -region [16] [17] [18] [19] . It is thus interesting to have a reliable way to estimate the properties of the HP twsit-3 DA, which may also have sizable contributions to high-energy processes but are less known so far.
In the present paper, as a step forward, we shall study the HP twist-3 DAs φ P 3;HP and φ σ 3;HP by using the same approach of Ref. [15] . We shall first estimate the moments of φ P 3;HP and φ σ 3;HP up to dimension-six by using the SVZ sum rules within the framework of BFT. Then, we shall construct a model for φ with the help of the BHL-prescription. In this way the HP twist-3 DAs with a better end-point behavior can be achieved. Finally, as an application of the constructed HP twist-3 DAs, we shall apply them to the B → η c TFF f Bc→ηc + (q 2 ). The remaining parts of the paper are organized as follows. In Sec.II, we construct a light-cone harmonic oscillator model for the HP twist-3 DA with the help of the BHL-prescription. The DA moments are calculated with SVZ sum rules within the framework of BFT. The corresponding numerical results are presented in Sec.III. As an application of the suggested HP twist-3 DA model, we give the light-cone sum rules (LCSR) for f Bc→ηc + (q 2 ) by using the conventional correlator, and a comparison of f Bc→ηc + (q 2 ) with other approaches are also given in Sec.IV. Finally,Sec.V is reserved for a summary.
II. CALCULATION TECHNIQUE
A. Model for the HP Twist-3 DA Based on the BHL-prescription [20] , a light-cone harmonic oscillator model for the HP twist-2 wave function (WF) has been built in Ref. [15] 1 . After integrating out the transverse momentum k ⊥ component of the WF, the corresponding DA is achieved. Similarly, the HP twist-3 DA φ P 3;HP can be constructed as
where f HP stands for the HP decay constant,m 1,2 are constituent quark masses of the HP, µ 0 is the factorization scale, and Erf(x) = 
Due to the same mass for the heavy constituent quark and anti-quark, the twist-3 DA φ of η c and η b mesons are symmetric under the transformation of 1 For the detail technique, we refer the reader to Ref. [21] , where the quark propagator is given with full mass dependence up to dimension-six terms within the framework of BFT.
The input parameters A P HP , B HP,P n and β P HP are determined by the following constraints:
• The normalization condition of φ 
• The average value of the squared HP transverse momentum k
, which is defined as
where P HP stands for the probability of finding the valence quark state Q 1Q2 in the HP Fockstate expansion, and we take, P ηc ≃ 0.8 and P Bc ∼ P η b ≃ 1 [15] . At present, there is no definite value for k • The twist-3 DA moments ξ n P HP are defined as
which shall be calculated by using the SVZ sum rules within the framework of BFT in the next subsection.
The model of φ σ 3;HP can be constructed via the same way, i.e., by replacing the upper index 'P ' with 'σ' in Eqs. (1, 3, 4 and 5) , and taking the expansion
we can obtain the model for the HP twist-3 DA φ σ 3;HP . In the above equations, all the parameters are for the initial scale µ 0 , the parameters at any other scale can be obtained via the conventional evolution equation [15, 25] . 
(0) 0 (7) and
for ξ n P HP and ξ n σ HP , respectively. Here z 2 = 0, J PS n (x) and J PT n (x) stand for the pseudo-scalar and the tensor currents
with
. Two correlators (7, 8) can be treated under the standard SVZ sum rules. On the one hand, in the physical region, one can insert a completed set of intermediate hadronic states in the correlators (7, 8) . The hadronic transition matrix elements can be written as
Furthermore, the hadronic spectrum representations can be written as
where m HP is the HP mass, µ HP = m 2 HP m1+m2 with the mass m 1(2) of the heavy quark Q 1 (2) . θ stands for the usual step-function and s P HP and s σ HP indicate the continue threshold parameters. ρ had P (s) and ρ had σ (s) are hadronic spectrum densities, which can be approximately obtained with the quark-hadron duality [14] .
On the other hand, the correlators (7, 8) can be treated by using the operator product expansion (OPE) in the deep Euclidean region. Detailed calculation technique for the OPE under the framework BFT can be found in Ref. [15] . For shortness, we shall not present them here, the interesting reader may turn to Ref. [15] for detail.
By further using the dispersion relation
where t min = (m 1 + m 2 ) 2 , and applying the Borel transformation, we finally obtain the required sum rules for the moments ξ n P HP and ξ n σ HP ,
where M stands for the Borel parameter. The functions ImI
PS,PT
HP,pert (s), I
PS,PT HP, G 2 (M 2 ) and I
HP, G 3 (M 2 ) stand for imaginary part of the perturbative terms, the contribution proportional to double-gluon condensate G 2 and the contribution proportional to triple-gluon condensate g 3 s f G 3 , respectively. For convenience, we put their expressions in the Appendix. [21] . As suggested by Braguta et al. [7] , the continuum threshold parameters s 
III. THE HP TWIST-3 DAS φ
0.323 ± 0.025 0 ξ We first discuss the properties of the first several moments of the HP twist-3 DA φ Tables I and II , the errors are squared average of those from all input parameters, such as the Borel parameter, the vacuum condensates and the heavy quark masses. All twist-3 DA moments follow the same trend that a smaller moment is achieved when its order is larger, which explains why people usually only takes into account the first several DA moments to do the discussion. This trend is much more obvious for the cases of η c and η b , i.e. Tables I and II to the required scale by using the renormalization group equation for the DA moments [26] , and then solve the constraints (3, 4, 5). asymmetric. To show more clearly how those twist-3 DAs change with the scale changes, we present the twist-3 DAs φ the scale µ =m c (m c ) = 1.275GeV. It is found that φ σ 3;ηc and φ σ 3;η b are close in shape, both of which tend to the asymptotic form 6x(1 − x) when µ → ∞ [25] . φ 
IV. THE APPLICATION OF THE HP TWIST-3
DA TO THE TFF f
In the literature, in order to suppress the contributions from the higher-twist DA, which are uncertain and less-known, people have suggested to use a chiral correlator other than the conventional correlator to do the light-cone sum rules (LCSR) calculation [27] . In addition to the B → π transition [28] [29] [30] , this method has also been applied to other transitions such as the B(D) → π transition [31] , the B → K transition [32, 33] , the B(B s , B c ) → P (V ) transition [34] [35] [36] , the B → D 3 Because the c-quark is lighter than the b-quark, φ P 3;ηc shows the humped behavior more quickly with the increment of scale than φ P
3;η b
and is more transparent at the same scale.
transition [37] , the B → S transition [38] and etc. In Ref. [15] , we have adopted the chiral correlator for the TFF f Bc→ηc + (q 2 ), which does only contain the η c leadingtwist DA in the LCSR. In this section, as an application of the present suggested HP twist-3 DA model, we shall calculate the TFF f Bc→ηc + (q 2 ) by using the conventional correlator to do our LCSR discussion, in which both the twist-2 and twist-3 terms have been kept.
A. Properties of the LCSR prediction of f
Bc →ηc + (q 2 ) with the conventional correlator
is defined by the following matrix element
By using the conventional correlator
and following the standard procedure of the LCSR approach [39] [40] [41] , one can obtain the LCSR of f Bc→ηc + (q 2 ), which can be formulated as a function of η c twist-2 and twist-3 DAs, i.e.
where φ 2;ηc (u) is the leading-twist DA of η c ,ū = 1 − u, and (0) under various approaches, i.e. the LCSR, the QCD sum rules (SR), the quark model (QM), the Bauer-Stech-Wirbel (BSW) framework, the perturbative QCD (pQCD) approach and the non-relativistic QCD (NRQCD) appraoch. a a This value is obtained by using the formulas of Ref. [50] but with the same parameter values of Ref. [49] .
To do the numerical calculation, the η c twist-2 DA constructed in Ref. [15] and the η c twist-3 DA as shown by Eq.(1) are adopted. As for its continuum threshold parameter and the Borel window, we take them to be s 0 = 42GeV 2 and M 2 = (20−35)GeV 2 . At the maximum recoil region, we obtain
where all the theoretical uncertainties such as those from the Borel parameter and the bound state parameters have been added up in quadrature. A comparison of f Bc→ηc + (0) under various approaches [15, [42] [43] [44] [45] [46] [47] [48] [49] [50] is put in Table V , where 'LO' is the leading-order prediction and 'NLO' is the next-to-leading order prediction. The predictions from the LCSR, the quark model and the Bauer-Stech-Wirbel framework are at the LO level, most of them are consistent with each other within reasonable theoretical errors. The NLO NRQCD predictions are much bigger [49, 50] , indicating the importance of the NLO-terms. Moreover, Ref. [49] shows the necessity of a proper renormalization scale-setting, i.e. it is important to achieve a reliable lower-order prediction.
By using the branching ratio formulas listed in Ref. [15] but with the present LCSR for f Bc→ηc + (q 2 ), we finally predict the branching ratio of B c → η c lν as
where the error of the branching ratio originates mainly from the TFF f Bc→ηc + (q 2 ), the CKM matrix element |V cb | and the B c meson lifetime τ Bc . The advantage of LCSR prediction in comparison to the pQCD ones lies in that the LCSRs is valid in a broader region 0 < q
2 , which is close to the allowable phase-space of B c → η c lν, thus one may directly apply the LCSR prediction of f Bc→ηc + (q 2 ) to calculate the branching ratio Br(B c → η c lν); while, the pQCD prediction is only reliable in low q 2 -region around the maximum recoil point, thus certain extrapolation must be applied, different choice of which shall introduce large extra error into the prediction. Table V shows at the large recoil region, the two LCSR predictions and also the QCD sum rules prediction agree with each other within reasonable theoretical errors. A comparison of the LCSR predictions of f Bc→ηc + (q 2 ) under the conventional and the chiral correlators are shown in Fig.(7) , where the shaded hands are their uncertainties. Fig.(7) shows the consistency of those two LCSR predictions is satisfied for all q 2 -region. In Ref.
[15] a chiral correlator is adopted such that to suppress (or even eliminate) the unknown higher-twist contributions. In the present paper, we have shown that if one can construct a proper model for the twist-3 DA, one can also get a more accurate LCSR prediction.
By using the LCSR with the conventional correlator, it is interesting to show what are the contributions for the TFF f (q 2 ) versus q 2 in Fig.(8) , where the contributions from φ 2;ηc , φ 2 -values, even though the twist-3 contribution become smaller, the conditions are similar. Moreover, when the value of q 2 increases, the twist-2 contribution increases faster, for a large enough q 2 -value, e.g. q 2 > 10 GeV 2 , we roughly have
indicating that the twist-3 contributions satisfy the usual q 2 -suppression to the leading twist-2 contribution in large q 2 -region. This in some sense shows the importance of the twist-3 DA with better end-point behavior. In fact, if taking φ P 3;ηc to be its asymptotic form that has no endpoint suppression, φ P 3;ηc (x) ≡ 1, one cannot obtain such a q 2 -suppression and the φ P 3;ηc contribution shall be even dominant over the twist-2 one. This condition is similar to the case of B → π decays [16] and the pion form factor [51] , only if one has used a φ P 3;π with better end-point behavior can one achieve the required power-suppressed twist-3 contribution.
V. SUMMARY
In this paper, based on the BHL-prescription, we have constructed a new model for the twist-3 DA φ Tables I and II display the values of those moments up to 6 th -order, which become smaller when they are at higher orders.
As an application of the constructed HP twist-3 DA, we have calculated the B c → η c TFF f Bc→ηc + by applying the LCSR with the conventional correlator. At the maximum recoil point, we obtain f Bc→ηc + (0) = 0.674 ± 0.066, which agrees with the predictions of other approaches also at the leading-order level. We have found that the net contributions from the η c twist-3 DA are large, which is up to 55% for f Bc→ηc + (0). Such an importance of twist-3 DA can also be extended to other q 2 -values as shown by Fig.(8) . Furthermore, we have calculated the branching ratio of B c → η c lν, Br(B c → η c lν) = 9.31
−2.01 × 10 −3 , which is consistent with the previous LCSR prediction [15] . Being with a good end-point behavior due to the BHL-prescription, our present twist-3 contributions satisfy the usual q 2 -suppression to the leading twist-2 contribution in large q 2 -region.
The HP twist-3 DA are important inputs for analyzing the high-energy processes involving the HP, thus we think our present model shall have wide applications. In this appendix, we list the necessary expressions for deriving the sum rules of the moments ξ 
